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identically, and relation (4.2) takes the form
ILi(rn—r)+Lrg—n)+Iy(rp—r)=0 (4.5)

The above relation certainly holds in the first, as well as in the second case of in-
tegrability, though the conditions for a complementary integral to exist in these cases (r;, =
rp=ry or I, =1, r,=ry) are not necessary for the relation tohold. We alsonote thatrelation (4.5)
does not hold for a homogeneous ellipsoidal body.

5. 1In the case of an arbitrarily small perturbation in the integrable problem of the
motion of a sphere whose centre of mass coincides with its geometrical centre, the necessary
conditions for a complementary first integral to exist, analytic in the phase variables, in
the class of bodies with ellipsoidal surfaces (ax and r, in (2.1) are such, that ¢+ g+
et 0,12 + 2 - rd = 0), are combinations of the corresponding conditions of Sect.3 and 4. This
proves the following

Theorem. The following three conditions are simultaneously necessary for a complementary
first integral to exist, analytic in the phase variables, in the problem of the motion of a
heavy rigid ellipsoidal, nearly spherical body, whose centre of mass coincides with its geo-
metrical centre and the moments of inertia are all different: 1) the centre of mass of the
ellipsoid coincides with its geometrical centre; 2) the principal axes of the inertia ellipsoid
and surface ellipsoid coincide; 3) the moments of inertia of the ellipsoid and the semi-axes
of its surface are connected by the relation

I —pa) + 1o lps—pi) + s (pr— pg) = 0
The problem of the existence of a complementary analytic integral in the problem cof the
motion of a body of arbitrary, nearly spherical shape, whose centre of mass coincides with
its geometrical centre, is more interesting and more complex. In this case, the first approxi-
mation in terms of a small parameter already yields a potential which may represent, generally
speaking, an arbitrary function of the direction cosines y,, ¥, vy, unlike the function #H; (2.2)
representing the sum of the linear and quadratic forms of the variables 9, va Vs
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PERTURBED MOTION OF A KOVALEVSKAYA TOP

N.N. MOTORINA

Perturbation theory based on the application of Lie series, is used to
study a special case of the motion of a rigid body about a fixed point.
The equations written in action-angle variables are used in Hamiltonian
form. The solutions are obtained in the form of trigonometric series with
constant coefficients.

It is assumed that the distribution of mass in the body is clsoe to the distribution in
the Kovalevskaya case and the centre of gravity of the body is situated fairly near to the
fixed point. The canonical Deprit variables /1/ are used. The motion of the body can be
described in these variables by the following set of eqguations:

d(L.G, H) oF dl, e, h) aF

dt =o{.c.h dt =&, G H)

Using the condition that the centre of gravity of the body is situated fairly close to
the fixed point and the principal moments of inertia A and B differ from each other, we can
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write the Hamiltonian of these eguations, in accordance with the order of magnitudies, in the
form /2/
(1)

F=Fy+ Fy
G Lt L2
Fom—gg— 3¢
A—B pIe .
Fy= “ggp- (G*— LY cost 1 + LV THisinlcosg +

CYUI—=FHicosising+HV G — Lisinl)

Here 4, B, ¢ are the principal moments of inertia for the fixed point, P is the weight of
the body and sz is the coordinate of the centre of mass in the principal axes of inertia.

We take &= max{4 — B, z;} as the small parameter. To solve the equations with the Hamiltonian
(1) it is convenient to apply the method of the theory of canonical transformations using Lie
series, developed by Hori /3/.

We eliminate the variable | from the Hamiltonian by carrying out the canonical variable

transformation
LG, H. Lg h=L,6,H, ', g ¥

with help of the generating function S§YL .G, H. U, g, &) =8+ 8'+.... We assume that the
Hamiltonian of the new eguations can also be written according to the order of magnitudes in

the form F = Fy' 4+ F,/'+ ....
According to the Hori method the components of the generating function and the Hamiltonian
are obtained from the formulas

Fo' = Foo Fy' = Froo Sy’ = § Fipdt’, Fy' = Foy -+ Yo {Fy + FY'y 8/ ) (2)
S, = [ Fgp — Yy th -+ FYy S lar
etc. The curly brackets are the Poisson brackets and the indices p and s denote the periodic

and secular part in t' respectively.
the parameter t' is introduced by means of the eguations

dl. G .HY aFy d(l'. g h) oFy
dt TN at’ TTEL.GLH)
The foilowing Poisson bracket heolds by virtue of these equations:
{For S} = —dsi/dt’
and this gives the relation connectingt'’and 7
di’ = —{§F/eLydl’ {3}

Applying algorithm (2) to the initial Hamiltonian F, taking {(3) into account, we cbtain {(the
prime accompanying the variables are omitted for convenience)

cr— g L? A—B .
We—zg—~7c Hh=—zp - (4)
. C(A—B) . . PACXC
S'= gL A= oy (O PR 2 = Ty

TR

(LVTT " FHicoslcosg — GV TT— Hesinlsing + HV G — Licos )

poo [ ClA— BRIy 2 3Ly REE TTTH kH?

= BLABLT (A —C) TV oot
% K(G— HY(GE e L) BKH e
Tu]——"z:z'z“)z‘-‘*“’”mf*g—mﬁvw’*”‘““—“ms%
kH (G — H?) P2ACX

TaLoy o CosE k=TT

The resulting Hamiltonian F' does not centain the variable 1. To eliminate the remaining

angle variable g’ we carry out another canonical transformation
L, ¢ H. Vg B =L\ G, H, I g k"
with help of the generating function S7(L7, 6" H' I, g k" = 8"+ 8"+ ... As before, we assume
that the Hamiltonian of the new equations of motion has the form F = F," +F"+ ...
To find the components of this Hamiltonian and the generating function, we use the

formulas
Fy' = Fyy FY'=Fy, Fy" = F/. §" = [ Fy'at"

etc. We introduce the parameter t" by means of the equations

d{L". G" H" aFy" (i, g k%) aF,"

i Faun et e at” DYV ANAN B
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Then the relation connecting t” withg" will be
dt" = —(8F,"/aG")"1dg"
Changing in expressions (5) from integration with respect to t" to integration with
respect to g", we obtain (omitting the double primes accompanting the variables)

Y k (G*— HY) (G* — LY)
e O .

ky (Gt — H?) (G2 — I kH (Gt — H?Y) |
5:’=——'s—‘( o=t gin gg 4+ B G ™) sing —
kAB
2LG5 V(G' HY) (Gt — L), "l=ﬁ_

The expressions for F,", F," are identical with those given in (4), and the symbol [.]
denotes the expression within the square brackets for F,’ in (4).

The Hamiltonian F" obtained contains no angle variables. The equations of motion yield
directly L" = const, G" = const, H" = const, while the angle variables will be linear functions of time

U=1"t+1k, & =g"t+ g R =Hhtth

where 1, g, h, are the initial values of the corresponding varaibles. From the equations of
motion we cbtain (double primes accompanying the variables are omitted)

_L4—0 + L(A—B) C(A4— B)(G'+ 3LY)

"= ac 348 AR (A—C)
k(G2 + H?) kLH? [ ey H
4(;;23 — e o= Iy Tzt oE
. G(A+B) CG(A—DBR(G*4 LY k(G*—10HY)  kH?
&' =—""5gF  — T 16ABLI(A—C) ic — g +

KH?[G1 (4G% — 3L%) — H1 (561 — 4L?)]
6o (Gr— LYY (G — HY) (G2 = LY)
L SkH  kH kH (262 — 3H?)
B = GV TG T Gy (G- AR (6P — 1Y)

+ 0 (%)

- 0

The last expression contains only the terms of the second order of smallness in the small
parameter.

The initial variables and any function of the initial variables can be found using the
formula
f(L, G, H, 1, g. )=f(L", G, H, V', g, kY + {l, S+ §"} + (6)
U 4SSN+ 4, 8" — 8"}y 87— 8"} = 0 (e9)

Thus the theory in geustion implies that H = H!= const. If we write the terms up to and
including the first-order terms in the small parameter, the expressions for the variables L, G
and h will be (the double primes accompanying the variables are omitted)

L=L_%coszz_u[u/m Hisinlcosg+
GV C*—Hcoslsing +H VG — Lisinl]+ O (¢3)
C=GC—x[LVG= Hzcoslsmg-l-G']/(;’ Hisinlcosg)+

ky (G% — H*) (G? 2) [k H (G2 — HY)
PO con g+ BB cong -
3mH ————
5L V&= H*)(GZ—U) cose + 0 (%)
=ho+x[ VG’ sml:mf 1/'(;2 Licosi —
__1H BH (G — 1Y)
VG’ coslcong] Wsmﬂg-}-
kH(cz—sm) . 3k, (G2 — 2H?)
: PN sln g — : 3LGE ]/ stmg"ro(fz)
PACX,
*= T A =T A=0

Hence, we obtain the values of these variables in the form of trigonometric functions
whose constant coefficients depené on L% 6", H". The expressions for the angle variables ! and
g contain, in addition to the analogous terms, a secular part. It should be noted that when
the theory is constructed including the second-order terms the secular part also appears in
the expression for h.

Since the Poisson brackets are invariant, formula (6) enables us to determine, fairly
simply, in the form of series of the same type, e.g. the variables p,q¢ 2% 7.7 of the Euler-
Poisson problem, provided that we use their expressions in terms of the Deprit variables /4/
and the values obtained for the generating functions S' and S". The latter depend only on

the new variables. This significantly facilitates the computations and makes them suitable
for computer use.
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ON THE STUDY OF RANDOM OSCILLATIONS IN NON-AUTONOMOUS MECHANICAL SYSTEMS USING
THE FOKKER-PLANCK-KOLMOGOROV EQUATIONS

NGUEN DONG AN

A method of integrating the FPokker-Plank-Kolmogorov egquations (FPKE) used
in the theory of random oscillations /1-4/ is proposed. The Duffing
equation is first studied as an example. The method is then used, together
with the methced of averaging, to study random oscillations of non-autonomous
mechanical systems with one degree of freedom when the eigenfrequency varies
in a random manner. The Van-~der-Pol eguation is considered for the case

of a randomly varying eigenfreguency and periodic parametric excitation.
When the function sought is replaced, the FPKE transform into another
eguation whose trivial solutions have the corresponding particular solutions
of the FPKE. The condition of integrability of the FPKE is obtained as

the direct conseguence of the change in guestion.

1. cConsider a mechanical system with one degree of freedom, whose motion is described
by the following stochastic eguation:

20~ @t o= f{z, 1) — oL (1 1.0
moie=e

. . . . { 3

f(mz)mZa;.Z FT T ey, = const (1.2)

s} 1. 1=0
where I (1 is a random, white noise-type action of unit intensity. Using the substitution
z= acosy. 7 = ~awSiny 1.3
and the Itc formula, we reduce BEg. (1.1 to the form 4/

5% . , ,
cos?y  df — v oAy

: 1 . i
da = - —J,‘{a cos ¥, — aw sin ¥ =in Y - T

glu

sig ¥ 42 (1)

52 b
ay = !:w*ﬁf(acos\l'.—amsvnm COs Y - PO sin g cosy , dt—

g
o cos ¥ di (1)
Let us write the FPXE corresponding to system (1.4) for the stationary probability density
of the amplitude and phase W {a. ¥

g d 1 {8
(BN W] o B ) = {r Bu e 1) = (1.5)

a L )
2 oy Bz (0, V) W) + 55 [Bu (e )W ]}

Taking into account the expression for f(z ) (1.2), we obtain
siny

hicd
:  cos? s¥gos? N
Bile. Wy =——7 f{acos ¥, — awsin @1+ g ;2:;4 = = E As(lt)a' (1.6}

s=y
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